Abstract. This paper assesses classical and advanced theories for free vibrational response of homogeneous and multilayered simply supported plates. Closed form solutions are given for thick and thin geometries. Single layer and multilayered plates made of metallic, composite and piezo-electric materials, are considered. Classical theories based on Kirchhoff and Reissner-Mindlin assumptions are compared with refined theories obtained by enhancing the order of the expansion of the displacement fields in the thickness direction z. The effect of the Zig-Zag form of the displacement distribution in z as well as of the Interlaminar Continuity of transverse shear and normal stresses at the layer interface were evaluated. A number of conclusions have been drawn. These conclusions could be used as desk-bed in order to choose the most valuable theories for a given problem.
Introduction
Layered structures are increasingly used in aerospace, automotive and ship vehicles. The most common and best known examples of multilayered structures are sandwich panels. Many other layered materials have been introduced.
The so-called advanced composite materials were developed as part of aerospace vehicles during the second part of the last century. Nowadays there are examples of fighter and commercial aircraft, helicopters gliders and racing cars whose structures are made entirely of composite materials.
Other examples of layered structures are: thermal protected structures in which layers with high thermal properties are used as thermal skins; biomedical retina; advanced optical mirrors; semiconductor technologies; intelligent structures that embed piezo-layers and which are used as sensors and/or actuators to build a closed loop controlled 'smart' structure.
The analysis, design and construction of multilayered structures is a cumbersome subject. So many different, complicated and new problems arise to add to those that are already known for traditional homogeneous one layered, isotropic structures. See the review by Bogdanovich and Sierakowsky [2] . Of all the possible topics, this review covers those aspects that are related to two-dimensional modeling of layered structures with respect to their vibrational response.
The accurate evaluation of the vibrational response of layered plates plays a fundamental role in many applications in the field of sound, shock and vibration. However, two dimensional modelings of multilayered structures deserve amendments to the classical theories that were originally developed for homogeneous plates. Among the necessary improvements mention can be made of the fulfillment of continuity of displacements Zig-Zag effects (ZZ) and of transverse shear and normal stresses Interlaminar Continuity (IC) at the interface between two adjacent layers. First Lekhnitskii [10] , Ambartsumian [1] and than Reissner [1] proposed theories including ZZ and IC (see the historical review on Zig-Zag theories that has recently been made by Carrera [7] ). Review articles on the papers, that are available on these subjects, can be found in Grigoliuk and Kulikov [8] , Reddy and Robbins [16] , Vasiliev and Lur'e [18] , Lur'e and Shumova [11] , Carrera [4] [5] [6] and Qatu [13, 14] . Of all the refined theories, a convenient distinction can be made between models in which the number of the unknown variables is independent of or dependent on the number of constitutive layers of the plate. According to Reddy [15] , we can assign the Equivalent Single Layer Models (ESLMs) to the first group while Layer Wise Models (LWMs) is used to denote the others. LWMs are computationally expensive and the use of ESLMs is preferred in most practical applications.
Recent works by the authors [4, 7] have proposed a unified formulation for classical and advanced theories for layered structures. These are all based on both the Principle of Virtual Displacements (PVD) and the Reissner Mixed Variational Theorem (RMVT) [17] . As a key-point of this formulation, the governing equations are written in terms of a few fundamental nuclei, whose form is independent of the used set of base functions that are employed to express the unknown variables in the thickness direction. In this paper, this unified formulation is applied to assess the free vibration response of multilayered, simply supported plates. Closed form solutions are given for various plate problems. Results related to classical theories are compared to advanced ones. The effect of ZZ and IC, variable description (ESLM vs LWM) as well as of the the order of the expansion of the unknown variables in the thickness direction were investigated for all the considered problems. The paper has been organized as follows. Section 2 describes the compared theories while Section 3. deals with the numerical investigation that was carried out. Details of the governing equations as well as of the solution procedure have been omitted. These can all be found in the already mentioned author's works [4, 7] .
Plate theories compared in this work
Plate theories can be developed according to various techniques and methodologies. A complete discussion on available technique has been provided in the already mentioned review articles. Herein the attention has been focused on the so called axiomatic approaches. In this framework the following cases are considered. 5. Mixed form of theories at point 2 to include IC. 6. Mixed form of theories at point 3 to include both ZZ and IC. 7. Layer-wise form of theories at point 2. 8. Layer-wise mixed form of theories at point 2 to include. These theories are briefly described in the subsequent paragraphs.
CLT, Classical lamination Theory. The geometry and notations of the considered plate are given Fig. 1 .
The simplest known plate theory is based on Kirchhoff thin plate assumptions, namely Classical Lamination Theory (CLT) (see [15] ). Transverse shear strains as well as transverse normal strains are neglected with respect to in-plane ones. In the framework of CLT applications, resulting displacement model can be written:
where superscript 0 denotes values of displacement on Ω. Comma denotes partial derivatives.
FSDT, First order Shear Deformation Theory. The inclusion of transverse shear strains leads to the following form of previous equations.
This model is known as Reissner-Mindlin plate theory, namely First order Shear Deformation Theory, FSDT (see [15] ). It consist in a first order Taylor-type expansion of displacement unknown in the neighborhood of the reference surface Ω. φ x , φ y takes therefore the meaning of rotations of the normal to Ω in the two planes x − z and y − z, respectively.
FSDT model is herein re-written according to the following notations:
The polynomials used in the expansion take the following values, Table 2 One Layered orthotropic plate made of unidirectional lamina. Circular frequency parameter ω ×
; the three considered plate lengths are: 0.004, 0.010, 0. 
Bold letter denotes arrays:
The displacement unknowns are:
This last condition underline that trasnverse normal strains are discarded in the FSDT formulated plate modelings.
Enhancement of FSDT to include transverse normal strain effects. Transverse normal strains can be included by removing the condition in Eq. (4). The explicit form of the displacement model is,
Higher order theories. The displacement model of previous paragraph can be easily extended to higher order Taylor expansion. Such an expansion can be herein written in array form,
or, by introducing Einstein rule for repeated indexes, where
For convenience this displacement model is re-written according to the following notations,
where
With respect to Eq. (6), the constant and linear terms have been now denoted by subscript t and b, respectively. Such a notation coincide to the one that will be used for the layer-wise cases.
Description of ZZ effect via Murakami's ZZ function.
The considered displacement models are not able to describe ZZ effect. The discontinuity of the first derivative with correspondence to the layer interfaces, in the ESLM framework, can be introduced by employing the Murakami Zig-Zag Function (MZZF).
MZZF was proposed by Murakami [12] in the framework of Reissner Mixed Variational Theorem RMVT applications. The explicit form of MZZF is
The not dimensional layer coordinate ζ k = z k /2h k is further introduced (h k is the thickness of the k-th layer while z k is the layer thickness coordinate). M (z) has the following properties:
-it is piece-wise linear function of the layer coordinates z k ; -M (z) has unit amplitude for the whole layers; -the slope assumes opposite sign between two-adjacent layers (Its amplitude is layer thickness dependent).
The displacement including MZZF is written in the form, Subscripts Z refers to the introduced ZZ term. Higher order distributions in the z-direction are introduced by the r-polynomials.
In a unified form the displacement model is therefore rewritten
Subscripts b denotes values related to the plate reference surface Ω (u b = u 0 ) while subscripts t is now refers to the introduced zigzag term (u t = u Z ). The functions F τ assume the following explicit form
Mixed theories that describe IC and ZZ Interlaminar continuous transverse shear and normal stress can be introduced by referring to RMVT applications [4] . According to RMVT an interlaminar continuous transverse stress field can be assumed in each layer:
This stress field can be used in along with with MZZF to obtain a theories that fulfill both IC and ZZ. The meaning of the used polynomials will be given in the next paragraphs. Layer Wise theories Layer-wise description requires assuming independent displacement variables in each k-layer. The thickness expansion used for ESLM cases Eq. (11) is not convenient for layer-wise description. Interlaminar continuity for displacements can be more conveniently imposed by employing interface values as unknown variables. Therefore, layer-wise description is written according to the following expansion,
In contrast to what in Eq. (11), it is now intended that the subscripts t and b denote values related to the layer top and bottom surface, respectively. In fact, they consist of the linear part of the expansion.
The thickness functions F τ (ζ k ) have been defined by
in which P j = P j (ζ k ) is the Legendre polynomial of the j-order defined in the ζ k -domain: -1 ζ k 1. Fourth order case will be used in the numerical investigations; related polynomials are
The chosen functions have the following properties: Mixed Layer-Wise theories that describe IC. The layer-wise description used for displacements is in this case expended to transverse stresses:
The top and bottom values have also been used as unknown variables. The interlaminar transverse shear and normal stress continuity can be therefore easily linked:
Results
In order to assess the discussed theories, a number of plate problems were considered. Results on free vibration are given in the following paragraphs. These all refer to simply supported, square plates for which a closed form solution of the Navier type can be obtained.
Plate made of one layer. First a homogeneous isotropic plate was investigated. The geometrical parameters are given in Fig. 2 .
The results are quoted in Table 1 . Thick (a/h = 4), moderately thick (a/h = 10) and thin (a/h = 100) plate results are compared. The CLT and FSDT results are compared to higher order theories that encompass linear to fourth order expansions in the thickness coordinate z.
The following comments can be made:
-CLT analysis is confirmed to be adequate for homogeneous thin plates, and moderately thick plates with respect to FSDT results, that is the effect of transverse shear deformation can be neglected in thin plates. -Higher order terms can improve FSDT solutions in both thick and thin geometries. It was found that such an improvement is mainly due to the retainment of transverse normal strains (as shown by the results in the last row). -Higher order expansions (N = 3, 4) for both in-plane and out-of-plane displacements are required to obtain an accurate free vibrational response for both thick and thin plates.
An orthotropic plate made of unidirectional lamina of a composite material is considered in Fig. 3 and Table 2 . Two values of the orthotropic ratio E L /E T (L and T denote the Longitudinal and Transverse fiber directions, respectively, see Fig. 3 and the book by Reddy [15] ) were investigated: low modulus E L /E T = 5 and high modulus composite E L /E T = 50. In addition to the comments that have already been made, one can notice that the effect of transverse shear deformation increases as the orthotropic ratio increases. As a consequence, CLT can lead to large errors even though moderately thick plates are being analyzed. The transverse strain effects are less important with respect to the Table 1 results. However, a more detailed description of the transverse normal strain effects on laminated structures can be found in Carrera [3] ).
The Two layered plate made of two homogeneous materials. This type of plate, made of two different metallic materials (Fig. 4) , is very common in thermal protected structures. The discontinuity of the mechanical properties at the interface between the two layers permits one to analyze the role played by ZZ and IC effects as well as to compare Equivalent Single Layers analyses with Layer-Wise ones. The results and data are given in Table 3 . Analyses that have already been considered are compared to advanced Zig-Zag theories. According to a previous work [6] , the LWM related to the forth order (N = 4) expansion should be considered as the exact solution. As the multilayered plate is an unsymmetrically laminate, the benefits of even values of N are more evident with respect to the results of Tables 1 and 2 . Higher order classical theories that discard IC and ZZ are not able to capture the exact circular frequency parameter in thick plate cases. Zig-Zag theories are required for this aim. Lower order expansions are usually required by layer-wise analyses with respect to ESLM ones.
The Multilayered plate made of composite materials. The three-layered symmetrically laminated cross/ply plate of Fig. 5 was investigated as shown in Table 4 . Very thick (a/h = 2) plate case was included in the comparison. Even though this is a not realistic plate, such a geometry permits one to explore the performance of a given refined plate theory to capture three-dimensional effects. It can be concluded that layer-wise analyses are required for these geometries.
The piezo-electric plate. A coupled electromechanical problem was considered as shown in Fig. 6 and Table 5 . It consisted of five layers which were assumed to be perfectly bonded to each other. The top and bottom layers are made of piezoelectric materials with the thickness h k p = 0.1 h each, the three structural layers of equal thickness had the configuration 0/90/0. Heyliger and Saravanos [9] provided an exact solution to this problem. The materials were PZT-4 (which is a Piezoelectric Lead Zirconate ceramics materials) for the piezoelectric layers and Gr/Ep (which is a graphite epoxy composite materials) for the structural layers. The corresponding material properties can be taken from Table 6 . Two thickness ratios a/h = 4 and 50 were considered. Electrical potential Φ has been described as the transverse stresses. The electrical stiffness has been fully taken into account. The conclusions that had previously been made were confirmed for piezoelectric plates. First, second and third circular frequencies related to the first three fundamental modes were compared. It can be observed that the accuracy of the various theories is very much subordinate to the considered mode. Such a conclusion, even though not documented in the previous tables, could be confirmed for all the plate considered in the previous examples.
Concluding remark
The paper has presented an assessment of the classical and zig-zag theories to evaluate the free vibration response of multilayered problems. Attention was restricted to closed form solutions of simply supported plates composed of orthotropic layers. Homogeneous, composite and piezo-electric layers were considered. More than twenty theories were compared for the same cases. The conducted assessment could serve as a desk-bed for specialists in sound, shock and vibration to help them to choose the most appropriate theories for a given plate problem.
